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ABSTRACT

The Sennian capability approach hasfacilitated to capture poverty
in its multi-dimensional incidence and thus to raise a new aggregate
poverty index —the UNDP's Human Poverty Index (HPI). The UNDP has
found power mean of order a > 1 as possessing some of the most
desirable properties in describing the distribution of deprivation
dimensions and hence asthe most appropriate aggregate index of multi-
dimensional deprivation. The UNDP elevates power mean of order
a >1(PM)incomparison with arithmetic mean (AM) commonly used
for averaging, leaving out others. It would hence be worthwhile to look
into the links among the means, both the known and the potential ones,
and their strengths and weaknesses in terms of their properties in
comparison with each other. The present paper isa preliminary attempt
at this. We find that the meanswe commonly use, the AM, the geometric
mean (GM) and the harmonic mean (HM), along with the PM, are specia
cases of the CES function. We acknowledge the possibility of aninverse
CES function, and hence, that of an inverse power mean (IPM) also.
Among these means, theAM isan average, typical of all thecomponents,
but its infinite elasticity of substitution rendersit less desirable. To the
extent that we need an average, typical of the components, we seek for
onethat iscloser to theAM, so that this second best choice will havethe
minimum deviations next to the AM. And we find this basic criterion is
satisfied by the IPM only. Hence, while the PM captures the multi-
dimensional deprivation, its inverse, the IPM, seems to offer a multi-
dimensional development index.

JEL Classification: C43; 132.

Key Words: Generalised mean, CES function, Human Poverty Index,
Deprivation, Averaging.



"Yatha ekena jnatena mrlpindena sarvam vijnanam bhavati."
("Know that by knowing which everything is known.")

1. Introduction

Poverty - A Multi-dimensional Concept

Poverty was traditionally measured uni-dimensionally in terms
of inadequate income. Following Amartya Sen, however, it has cometo
be recognised as multi-dimensional interms of deprivation of capability
to fulfil essentia functionsin human life. These functions concern not
only the possibility to adequately feed and clothe oneself, and to have
a shelter, but also the possibility to avoid preventable diseases and to
have a long and healthy life, to have an education, and to join society
through work, political participation and social relations (Sen 1999). It
goes without saying that reaching these goals depends on the available
economic resources, as well as on: who we are, the characteristics we
possess, and the economic, social and cultural environment wearein. In
other words, affluence (or poverty, for that matter) is not describable in
terms of possession of economic resources alone; it also depends on
what an individual can do and be, on the set of doings and beings, or
simply on functionings. Thisin turn suggests that assessing the quality
of life amounts to evaluating these functionings and capability to
function. In this sense, poverty is seen as a capability deprivation, asa
condition where the people are deprived of the capability for certain
vital functionings. These diverse functionings make poverty multi-
dimensional.



Asserting that "Poverty must be addressed in all its dimensions,
not income alone" (UNDP 1997: 5), the eighth Human Devel opment
Report 1997, introduced the human poverty index in addition to the
human and gender devel opment indices. Whilst the Human Devel opment
Index (HDI) measures the progress of the country in achieving
development, the Human Poverty Index (HPI) "combines basic
dimensions of poverty and reveals interesting contrasts with income
poverty" (ibid.).! The HPI focuses on deprivation in three essential
elements of human life already reflected in the HDI — longevity,
knowledge and a decent standard of living. Deprivation in the first
dimension relates to survival, that is, the vulnerability to death at a
relatively early age, and that in the second dimension relatesto exclusion
from the world of knowledge in terms of education. Deprivation in the
third dimension relates to the lack of access to overall economic
provisioning. Two HPI indicesaretherein currency: HPI-1isameasure
of absolute poverty in Less Devel oped Countriesand HPI-2 isameasure
of relative poverty in More Developed Countries. In Appendix 1 we
give abrief account of these two measures.

A major problem involved in HPI methodology relates to
weighting and aggregation. This problem arises on account of the
possibility for overlapping of the poverty dimensions. Suppose for a
particular country, we find 30 percent of the people in each of the (say)
3 fields of deprivations, that is, X, = X, = X, = 30 percent. Three
possibilities are here in this distribution. 1) Non-digjointness: the same
30 percent of the people suffer from all the three deprivations together,
so that only 30 percent in the country are affected by poverty, but they

1. Rightly, “by combining in a single poverty index the concerns that often get
pushed aside when the focus is on income alone, the HPI makes a useful
addition to the measures of poverty” (UNDP 1997: 5).



are deprived in respect of al the three fields. 2) Digointness. the 30
percent is entirely different in each field, so that atotal of 90 percent of
the population are in poverty, but each 30 percent group is deprived in
respect of only one field. 3) Overlapping: a combination of the two
extremes. "However, when it comes to constructing an index, it is not
easy to decide whether 30 percent of people with inadequacies of all
three types represents larger social poverty than 90 percent of people
having one deficiency each. It isamatter of the importance to be given
to depth vis-avis breadth. For the purpose of the HPI, thetwo caseshave
been treated as equivalent, so that in some sense depth and width have
been equally considered.” (UNDP 1997: 20). Thisassumption facilitates
averaging of all the dimensions to represent aggregate poverty. But in
averaging, there comes the problem of choice of an average and of
weighting.

The UNDP has found power mean of order a > 1 as possessing
some of the most desirable properties in describing the distribution of
deprivation dimensions (UNDP 1997: 117-121), and hence as the most
appropriate aggregate index of multi-dimensional deprivation. UNDP
has selected power mean (PM) of order 3 for some obvious reasons,
detailed in the Technical Note 1 in UNDP (1997: 117-121), over the
usual, everyday-means of arithmetic (AM) and geometric mean (GM).
Remember AM isthe only summary measure, typical of aset of data, in
the sense that it is the coordinate of the centre of gravity, balancing the
values on either side of it, and the sum of squared deviations of the
values from it is the minimum — the minimum variance property. It is
this representativeness that makes it a good measure of averaging.
Similarly, GM is theoretically considered the best average in the
construction of index numbers as well as for ratios and percentages (in
which units empirical deprivation measures are usualy expressed) as
also for their rate of changes. The other less used mean, harmonic mean



(HM), isuseful in caseswherethevalues of avariable are compared with
a congtant (or unit) quantity of another variable, for example, distance
covered within certain time and quantity purchased or sold per unit price.

The power mean of order a isusually considered the generalised
mean,> and is given for, say, three dimensions, X, X,, and X, by:

X(@)=[wy X +wa XS +waX T 1M where Wy +wp +wg =1

and a may be any real number except zero. The arithmetic, quadratic
and harmonic means are its special cases when, respectively, a = 1,
a=2,and a =—1. The UNDP (ibid.) elevates power mean of order a > 1
in comparison with arithmetic mean, leaving out others. 1t would hence
be worthwhile to ook into the links among the means, both the known
and the potential ones, and their strengths and weaknesses in terms of
their properties in comparison with each other. The present paper is a
preliminary attempt at this. We take in this paper the power mean of
order o > 1 (thisspecial caseishereafter called PM) asoneof an array of
special cases, distributed in the continuum of the domain of afunction,
more popularly known in economics as the Constant Elasticity of
Substitution (CES) function. Thisarray of special casesof meansincludes
the 4 known means: PM, arithmetic mean (AM), geometric mean (GM),
and harmonic mean (HM) as well as 3 potential means which we call
CES proper mean (CPM), inverse CES mean (ICM) and inverse power
mean (IPM). It should, however, be noted that the power mean (function)
initsentiredomain (— oo to + o) can still be regarded as a generalised
mean with all the seven means we consider here being its special cases.
In this sense power mean and CES mean are substitutable.

What follows is divided into two sections: the next section
reexamines the means: we find that the means we commonly use, the

2 See, for example, Abramowitz and Stegun (1965: 10).



AM, the GM and the HM, along with the PM, are special cases of the
CES function. We acknowledge the possibility of an inverse CES mean,
and hence, that of an inverse power mean (IPM) also. Next we analyse
the links among these means and attempts to bring out their properties
on acomparative plane. In the last section, we sum up our resultswhere
we argue that the inverse power mean (of order 2) can be agood second
best alternativeto the arithmetic mean, useful asarepresentative average
to index development.

2. TheMeansReexamined

CES Function as Generalised Mean

Needless to say, averages are functions, but all functions are not
averages. The two well-known functions, Cobb-Douglas (CD) and
Constant Elasticity of Substitution (CES), commonly used in economic
analysis, are averages. While the CD function generalises geometric
mean (GM), the CES function does generalise all the means as well as
the CD function.

Given two variable inputs (or dimensions, asin this case), X, and
X,,the CD functionis. AX °X,;"¢,0< a <1, and Aisaconstant. Taking
A =1, and a = 0.5, we have the geometric mean (GM) of the two
dimensions: (X X,)*2. Similarly, for the two inputs, the CES function is

givenby: A(wy X, ? + szz—p)—llp W, +w,=1 TakingA=1,
this function represents a generalised mean of wider range, which
we call the CES mean (or CM): X(0) = (wy X, P +wyX,P) P,
w, +w, = 1. It can be seen that the power mean of order o > 1 (PM) isa
special caseof it (withp = —a): (W X{ +W2xg)1’°’.Weha/eaJsothe
arithmetic mean (AM: w X, +w,X) , with p = —1) and the harmonic
mean (HM: (0.5X;* +0.5X,;")™ ,with p = 1) asitsspecial cases. Again,
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it can be seen, using L'Hopital'srule, that, withw, =w, = 0.5, and p=0,
the GM aso isaspecia case of the CM .2

Still another condition also generates the three means directly
from the CES mean. Using proportionate weights, w; = X; / z i X,
we can see that the CM yields AM when p =1, GM when p = 2, and
(approximately) HM when p = 3 (see Table 1).

Now defining p > 1, X(p) may be taken as a ‘ CES proper mean’
(CPM) and hencewe can also have an 'inverse CES mean' (ICM) of order

y with p = 1y, that is, X(1/y) = (\Mxl‘l’y +w2x2‘1’y)_y, for y>1,

(or 0<p<1)andhencean ‘inverse power mean’ (IPM) of order Swith

p =-1B thatis X(-1/p) = (W1Xilﬁ + szgfﬁ)” , for B> 1,
(or—1< p<0). Notethat for 0 < y< 1, the former isidentical with the
CPM (with p>1),andfor 0< 8 <1, thelatter isidentical with the power
mean (with a > 1). Thuswe can think of seven different means as special
cases of the CESfunction (or CES mean) asthe parameter pvariesinits
domain: PM, AM, IPM, GM, ICM, HM and CPM, as given in the
following figure (Fig. 1), which shows the distribution of the meansin
the continuum of the domain of the CES function from —co to + oo (also
see Table 1).

I_(X) _Il I0 Il (Im
I\___\ﬁ_JI 1 I\___W_JI
i A |
Max AM GM HM Min
X Xi

Fig. 1: Distribution of the meansin the domain of the CES function
as p variesfrom — oo to + co.

3 See Appendix 2 for a proof.
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Tablel. The Special Casesof the n 4
Generalised (CES) Mean: X (p) = WiXi_pH
i
1 limX(e)=min{X},i=1,2,...,n.
p - 00
2. X(p) = CES Proper Mean, p> 1.
3. X(2) =Harmonic Mean (p=1).
4, X(1/y) = Inverse CESMean,y>1, (0< p<1).
5. l[im X (p) = Geometric Mean.
p -0
6. X(=1/B) = Inverse Power Mean, 3> 1, (<1< p<0).
7. X(-1) =Arithmetic Mean (p=-1).
8. X(—a) = Power Mean, a> 1. (p<-1).
9. limX(p) =max {X},i=1,2,...,n.
p - —00
With Proportionate Weights: w, = X. /ZX,
10.  X(1) =Arithmetic Mean
11.  X(2) = Geometric Mean
12.  X(3) =Harmonic Mean
Note: Z w; =1

Links among the Means

The seven means, distributed in the continuum of the number

line, are expected to exhibit some regular pattern of links among them.

Though the following we prove for atwo variable case with an order of
2 for the general means of PM, IPM, ICM and CPM, the sameistruein
genera :
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It is easy to see that we have the following order of relationship
among them, as p variesfrom—oo to + 0. * Thisistruein general
for the means (irrespective of the number of variables).

Max {X}>PM =AM >1PM=GM 2ICM = HM > CPM >min{X}.

It follows from the above® that the sum of the deviations of the
components from the PM is negative (remember that from the
AM is zero), and that from each of the other means is positive.
Thisalso isageneral result.

Given the above rel ationship among the means, we can also find
that the AM lies much farther from the PM than from the IPM .6

In general we find that among these 7 means, as special cases of

the CES function distributed in the continuum of its domain, PM and
CPM mark respectively the upper and lower extremes and lie farther

from their immediate neighbour means. Moreover, the means are by no

means symmetric about GM, which isthough obtained asthe generalised

mean (CM) approaches its centre of gravity of its domain, that is, zero.

Properties of the Means

We consider the following properties (Table 2).

Additivity: By this property we mean that a mean exists even if
oneor more, but not all, components (or dimensions, X,) are zero.
This is possible only if the components are expressed in the
mean in ameaningfully additive way, such asin arithmetic mean,
power mean and inverse power mean. The CES proper and the

See Appendix 3 for a proof.
Also see Appendix 4 for a proof.

See Appendix 5 (&) for a proof. Note that in Appendix 5 (b), we have some
interesting results in two-variable case.



Table 2: Propertiesof theM eans

When any Additional Slope Curvature  Degree of  Eladticity of Impact
X=0, Weight of each X Homogeneity  Substitution Multiplier

AM z0 No Positive Zero Linear Infinity 1
GM =0 No Positive  Concave Linear Unity (X/X)
HM Not defined No Positive  Concave Linear 1/2 (X/X)?
PM of order #0 Maximum with 1
a>1 themaximum X Positive  Convex Linear a-1 (X/X,) ot
IPM of order 20 Maximum with  Positive  Concave  Linear B (XX Bk
B>1 the maximum X B-1
CPM of order Notdefined Maximumwith  Positive  Concave Linear (XX )Pt
p>1 the minimum X p+1
ICM of order  Notdefined Maximumwith  Positive  Concave Linear y (XX )+l
y>1 the minimum X y+1

€1
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inverse CES means along with the harmonic mean, though
additive, are not defined when any component, X , iszero. Sois
the geometric mean. Additivity need not be a necessary property
of an average, since in most cases the zero value may be just
ignored as a non-entity; however, where absences are involved
in multi-dimensional contexts, additivity isan essentia property
and a mean devoid of it is meaningless, unless the components
have a combined existence, as in a production function.” As
long as the dimensions (as in the case of deprivation, say) are
considered independent in averaging, only the arithmetic mean,
power mean and inverse power mean come out qualified here.

Additional Weight: The three means, AM, GM and HM have no
provision for any additional weightsto the components. It should,
however, be noted that GM giveslessweight to large components
and more to small ones than does the AM; this leaves the GM
never larger than the AM. Since the components are taken in
terms of their reciprocals in the HM, the component with the
|east absolute value will have the maximum impact on the mean
value, and thisleavesthe HM never greater than the GM. Thisis
so in the case of the CES proper and the inverse CES means also
though with additional weightsfrom power term. Thisweighting
has much relevance in the marginalist approach in the demand
and production analysis of economics, where a scarce variable
has higher importance, and these means are thus useful for
indexing such economic variables. On the other hand, the
components are expressed in positive power termsin the PM and
its inverse (IPM) and this results in greater contribution to the

For example, in a production function with two factors, X, and X,, we have
the following combined existence condition: f(X,, 0) = f(0, X,) = 0.
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mean from larger components, and in the case of deprivation,
thisisadesirable property. Because the usual assumption hereis
that as the deprivation in a certain field increases, the weight to
be put on removing deprivation in that dimension should also
increase. That is, that particular deprivation field should have
higher additional weight. Thisis achieved through a > 1in PM
and 3> 1in IPM. However, it should be noted that the weight
structure differsin these cases, with a > 1 for PM, (a =1for AM)
and0< a<1(equivaentto 3> 1) for IPM.?

3. Slope (first derivative): It goes without saying that the mean
should vary directly with the component, that it is monotonic
increasing in each X. That is, itsfirst derivative be positive. And
itissoin all the cases we consider here.

4. Curvature (second derivative): While the first derivative of a
functiontellsusabout itsrate of change, or the slope of itsgraph,
the second derivative indicates its curvature, which in turn
describes concavity/convexity of the function. If the second
derivative of afunction isnegative (positive) for all itsargument,
then that (primitive) function must be astrictly concave (convex)
function. AM isalinear function, and ishence out of consideration
here. And we find that all other functions except the PM are
concave; thereisa‘law of diminishing returns’ at work in these
cases. It should be noted that the IPM is concave subject to the
permissible domain of 8 > 1 only; as already mentioned, for
0< B<1,itisidentical withthe PM (with a > 1), whichisconvex.
Thusthe functionisincreasing at an increasing rate (‘increasing
returns’) only inthe case of PM (for a > 1). UNDP (1997: 213)

8 Such weight structure explains why we have PM > AM = IPM = GM 2= ICM 2
HM = CPM.
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prescribesthat a poverty index be convex with respect to each of
its deprivation dimensions, X; “Thisis equivalent to saying that
[the poverty index] decreases with reductions in [X], and at a
diminishing rate.” (ibid.) In thislight, it is as well reasonable to
assume that a development index exhibit *diminishing returns';
it rises with increases in a development indicator but at a
diminishing rate, reflecting the tension and friction that set in as
more and more development accumul ates. Hence all the 5 concave
functions (IPM, GM, ICM, HM and CPM) are possible candidates
for a development index. However, the ‘marginalist’ weighting
of all but thefirst of these means makesthem lessdesirable. IPM,
on the other hand, attaches only fractional weights compared
with PM (andAM).

Linear Homogeneity: A function is homogeneous of degree one
(linear), if acertain proportionate change in its arguments alters
the function also by the same proportion. For example, if all the
X sareincreased by 10 percent, then the function also increases
by 10 percent. Thisisadesirable property of an average, and all
the means we consider here are linearly homogeneous.

Elasticity of Substitution: The elasticity of substitution (denoted
by o) is the rate a which substitution between, say, X, and X,
along an iso-X(a) curve, keeping X, constant, takes place, and is
defined as the percentage changein (X ,/X,) for aunit percentage
change in the dope of the tangent along this curve, projected
onto X -X, space at the given value of X, (UNDP 1997: 121). For
the PM of order a, itisgivenby o = 1/(a —1). Theelasticity of
substitution (o) between any two X s, given the other
dimension(s), is infinite for AM (with a = 1). In such perfect
substitutability case, that is, with AM, the impact on the mean of
aunit changein any of the dimensionsisthe same (sincethereis
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no additional weight attached to the dimension), regardiess of
the level of deprivation implied in them. However, this goes
against the usual assumption that as the deprivation in a certain
field increases, the weight to be put on removing deprivation in
that dimension should also increase. That is, that particular
deprivation field should have higher additional weight. This
necessitates a > 1, as for the PM. However, as the order o
increases infinitely from unity, the elasticity of substitution for
the PM decreases monotonically from infinity to zero. that is, in
zero substitutability case, the aggregate index tends to the
maximum of the given dimensions, leaving the changes in the
other dimensions with no effect at al on the index; poverty in
effect just becomes uni-dimensional. And this case also is
untenable. Hence the selection by the UNDP of o = 3, where we
have a reasonable intermediate case of g = 1/2, and this puts
greater weight on that dimension with higher deprivation. For
the CD function and hence GM, it isunity, and for HM, one-half.
For the CES proper mean, it lies between one-half and zero, as p
movesfrom unity toinfinity. In the case of theinverse CES mean,

forwhich g = AN i , asfor the CES one, the opposite

y+l p+l
movement holds: as y increasesfrom unity, the elasticity measure
rises from one-half to unity. For the IPM, with 8> 1, implying

p <1, wehave :i:i,andasﬁincreas%from
B-1 1-p

unity, the elasticity falls from infinity to unity.

To recap: the minimum to maximum values of the elasticity of
substitution in the case of CPM: zero to one-half; HM: one-half;
ICM: one-half to unity; GM: unity; IPM: unity to infinity; AM:
infinity; and PM: zero to infinity.



18

10

Now for a = 3, the UNDP's choice, the PM has a limited
substitution elasticity of one-half. This choice implies an
absolute value of p = 3, and for the CES function, then, the
elagticity is 1/4, and for the inverse CES function, it is 3/4 for
y=3.Inthecaseof thelPM for 3= 3, theelasticity of substitution
is1.5.

Impact Multiplier: In the case of power mean, for any a, the
relative impact® on the aggregate index of a unit change in X|
compared with that in X, is given by (X, / xz)a‘l. For
arithmetic mean, when a = 1, therelative impact isunity: impact
is the same for any dimension, whatever be the level of
deprivation. On the other hand, as a tends to infinity (for the
PM) the impact from a unit increase in X becomes infinitely
larger, so that it becomes the only determinant of the index. For
GM, itisalwaysgiven by theratio of thetwo dimensions, and for
HM, by the square of theratio. In the case of |PM, the weight of
the relative impact, given by the reciproca of the elasticity of
substitution, is always less than unity, giving the lightest impact
among the means, and in ICM, greater than unity. The greatest
impact is experienced in the case of CPM. An example will
illustrate the points clearly.”® Let X = 50 percent and X, = 25
percent (with X, = 40 percent, being kept constant). In the case of
PM, for any a, therelativeimpact on the mean of aunit changein
X, compared with that in X, is then given by 2°*. For AM, itis
unity, GM: 2, HM: 4, IPM: 26-D8 - |CM: 20+ and for
Note that the impact of any dimension X; on the power mean is given by its
first derivative with respect to that dimension. The above result is obtained by

putting i = 1 and 2, and taking the ratio of the two derivatives (assuming equal
weights).

Also see UNDP (1997: 121).
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CPM: 2¢*1 | For an absolute order of 3 (as used by the UNDP
for a), therelativeimpact for PM is4; for IPM: 0.67; ICM: 1.33;
and for CPM: 16.

3. ToSumUp

The power mean as an aggregate index of multi-dimensional
deprivation has thus a number of desirable properties, but it too has its
own limitations, just asthe other meansdo.** For example, the PM fails
asarepresentative average. Remember AM isthe only summary measure
representative of a set of data, with the least variance property. PM,
being much farther on the upper end from AM, is thus entirely atypical
of its components in the above sense. Similarly, GM is theoretically
considered the best average in the construction of index numbers as
well asfor ratios and percentages. Again, where scarce factors command
higher marginal importance, HM along with CPM and ICM, thelast two
with additional weights, deserves consideration. However, none goes
unblemished; al these have their own limitations too. AM is a linear
function, incapable of further differentiation and hasaninfinite el asticity
of substitution that render it less desirable, and the others violate the
additivity condition.

IPM, on the other hand, has some additional qualities. We have
seen that AM is much closer to IPM than to PM. To the extent that we
need an averagetypical of the componentsin theface of an unacceptable
AM, we may seek for one that is closer to the AM, so that this second
best choice will have the minimum deviations next to the AM, but is
free from its unacceptable blemishes. And we find this basic criterionis
satisfied by the IPM only.

11  The originators themselves admit, this index also is not without failings.
“Like al measures, the HPl has weaknesses — in data and in concept. Like all
measures, it cannot capture the totality of human poverty.” (ibid.).
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Given that the IPM, as compared with the PM, is typical, in a
second best sense of being closer to the AM, of all the components
considered, we now turn to its other properties. Along with the PM, it
also enjoys additional weight on each component, the larger component
contributing a greater effect to the mean, desirable for a deprivation
index. With an order of 2, the PM has an easticity of substitution of 1
(unity) and the IPM, 2, much limited compared with the infinity of the
AM. It should be noted that as the order falls, both the PM and the |PM
approach the AM, the latter much closer than the former; in both the
cases, 2 isthe minimum possible order that keeps the measures closer to
the AM with alimited substitution elasticity. The IPM, however, differs
from the PM in respect of convexity and impact multiplier. But as we
have already noted earlier, the ‘diminishing returns' property of the IPM
appearsappropriatefor adevelopment index. Thuswhilethe PM captures
the multi-dimensional deprivation, itsinverse, the IPM seemsto offer a
multi-dimensional development index.

InAppendix 6, we comparethese 7 meansand their ranksin respect
of the reported deprivation in three dimensions of longevity, knowledge
and economic provisioning of 78 countries, as given in UNDP (1997).
Anorder of 2istaken for thegeneral meansof PM, IPM, ICM and CPM.
Note that the ranks of the countries must remain the same, irrespective
of the order of a in the case of the power mean, though the ranks of
some of the countries given in Appendix 6 are different from those in
UNDP (1997). Thisisjust because we usethe dataasgiveninthe UNDP
Report, which may be different from the actual fractionally enough to
distort some ranks.

We find that the mean values are distributed in adescending order
from PM to CPM and AM is much closer to IPM than to PM, and HM
much closer to ICM than to CPM. The rank of the countries by AM is
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equal in 20 casesto that by PM and in 28 casesto that by IPM. Number
of cases of rank equality among the different means are as follows: (i)
PM with AM: 20; with IPM: 14; with GM: 10; with ICM: 9with HM: 5;
and with CPM: 5; (ii) AM with IPM: 28; with GM: 20; with ICM: 17,
with HM: 12; and with CPM: 5; (iii) GM with IPM: 29; with ICM: 34;
and (iv) HM with ICM: 32; with CPM: 23.

The proximity of IPM to AM compared with that of PM toAM is
further evident from the following: that is, the sum of the squares of the
deviations between the ranks by PM and by AM is 520, whereas that by
AM and by IPM isonly 188. The same for the other paired consecutive
meansare: (i) IPM-GM:188.5; (ii)) GM—CM: 156; (iii) ICM-HM: 110;
and (iv) HM—CPM: 227.5. It is interesting to compare this result with
our conclusion in Appendix 5 that (PM —AM) > (AM —1PM) = (IPM—
GM) > (GM —ICM) > (ICM —HM) < (HM —CPM).
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(iii)

@

(b)

©

APPENDIX 1
The human poverty index for developing countries (HPI-1)
This index takes into account the following three dimensions:

deprivation of longevity, measured as a percentage of people not
expected to survive to age 40 (P,).

deprivation of knowledge, expressed as a percentage of illiterate
adults (P,).

deprivation of decent living standards (P,), which is given by
the simple average of the following three basic variables:

the percentage of people without access to safe drinking water
(P,

the percentage of people without access to health services (P,,),
and

the percentage of moderately and severely underweight children
under five (P,,).

The human poverty index for developed countries (HPI-2)

The human poverty index for the advanced countries uses, besides

a fourth dimension, the same elements of the previous index, but the
variables and reference values are different:

@

(ii)

deprivation of longevity is measured by the percentage of people
not expected to survive to age 60 (P)),

deprivation of knowledge is based on the percentage of adults
functionaly illiterate according to the OECD definition (P,),
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(iii)  deprivation of decent standard of living (P,) is the percentage of
the population living below the poverty level, defined according
tothecriteriaof theInternational Standard of Poverty Line, which
isequd to 50 percent of the per capitaaverage nationa income, and

(iv)  deprivation in terms of social exclusion, measured by the long-
term unemployment rate (P,), that is, the percentage of those
unemployed for 12 months or over relativeto thetotal workforce
(the sum of those working and those seeking a job).

APPENDIX 2

Herewe provethat the CES mean (CM) becomestheGM asp - 0,
when the weights (w) are equal, (just as the CES function becomes the
Cobb-Douglasfunctionfor p= 0 (withunitary elasticity of substitution),
by virtue of L'Hopital'srule).

Consider the CM with two components of equal weights:
X(p) = (0.5X1_p+0.5X2_p)_1/p. The L'Hopital's rule

states that if lim f(y)=0 and lim g(y) =0, then
y-a y—»a

0 _ im £

lim ) (see Apostol 1967: 292 - 295).

y-ag(y) y-ag'(y

Taking the natural logarithm of the X(p), given above, we have

- -p NS
InX(0) = In(0.5X, p+0.5x2 ): ;EZ;

Evidently, asp — 0,wehave f (p) — 0,and g(p) — 0. Taking the
derivatives of the denominator and the numerator,



24

05X, P InX; +05X,” InX;
-p -p
05X, P +05X,

g'(p)=1land f'(p)=
which convergesto  0.5In X4 +0.5In X5, asp - 0. Hence, the
limiting caseis

InX(p) =0.5InX; +0.5In X5 , or

cM = X(p) = (X1 X,) 2 =cMm.

APPENDIX 3
Hereweprovethat PM =AM = IPM =2 GM =2 ICM = HM = CPM.

Let a and b be two positive numbers such that a # b. We consider
power mean (PM), inverse power mean (IPM), inverse CES mean (ICM)
and CES proper mean (CPM) al of order 2 only.

1 1
WehaveAMz%bGM Jab,HM= b H 2ab

H 2 E a+b
H@ +b" 25_1/2 ab
CES= T o 2d/2
i 2 H  @+p)Y?
“1/2 | -1/2 2
. Fa +b H _ 4ab

2 : (Va+vb)f'
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1. Firstweprove PM >AM.

2
+b E[ a+b
Supposeitistrue, that is, PM >AM. Then, L .

12 8 2

Ha? +b?H_ ma+b[f _a?+b%+2ab
o g 2 H>§a2 g‘ 4

Bringing the RHS termsto the LHS, we get

2 12 _bBZ
M = & >0. Sincethesquareof any real
4 02 0

_ bBZ
guantity isalways positive, &2 > Qistrue, and hencePM > AM
l l
alsoistrue.

2. Now we proceed to proveAM > IPM.

We start with the assumption that AM > IPM, so that

ath_ H?UZ*bl/ZBZ_
2§ 2 {

e
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Thatis,

ath_ a+b+2Vab
2 4 '

Bringing the RHS termsto the LHS, we get

a+b-2Jab a-+Jb
f = 2 > 0.

Since the square of any real quantity is always positive,

a-+b
> >0istrue,andhence AM > IPM adsoistrue.

3. Wenow provelPM > GM.

Starting with the assumption IPM > GM, we have

Pﬁ1/2+b1/252_ 1/a+b
. Ay B S

That is, a+tb+2/ab _ Jab >0.
4

Or,

a+b-2Jab _HJE—\/B
4 _H 2 >0.

Since the square of any real quantity is always positive,

E:/a;\/gg >Qistrue, and hencelPM >GM asoistrue.
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4. Nextweprove GM > I[CM.
Proceeding with the assumption that GM > ICM, we have

’:bl/Z_'_b—l/ZH
Yab> 2R (Jahr) >

a+b+2Jab > 4/ab , whichgives

a+b-2Jab>0. o (Ja-vb)?>>0.

Since the square of any real quantity is always positive,

(\/5 — \/B)Z >0istrue, and hence GM > ICM dsoistrue.

5. Now weprovelCM > HM.

Let us assume that ICM > HM, then we have

Ha_1/2+b_1/25_2: 4dab Ha_1+b_15_1:2ab_
i 2 H (asbf o 2 ° arb

Or

1
a+b>§(\/§+x/5)2  which gives

a+b-2J/ab>0. o (Ja-v/b)?>0

Since the square of any real quantity is always positive,

(\/5 _\/6)2 >Qistrue, and hencelCM >HM asoistrue.
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6. Finaly weproveHM > CPM.

Starting with the assumption that HM > CPM, we have

Bteb ] 2ab _fa?+b72 Y Ve

H 2 H "a+b"H 2 H  (a2+b?)Y?2

O

2(a? +b?) > (a+h)?2 , which gives

a’+b%-2ab>0. or. (a-h)2 >0.

Since the square of any real quantity is always positive,

(a—b)2 > (O istrue, and henceHM > CPM asoistrue.

From the above it follows that
PM >AM >IPM >GM > ICM >HM > CPM.

If aand b are equal, then
PM =AM =IPM =GM =ICM =HM =CPM.

Thuswehave PM =AM = IPM >GM = ICM = HM = CPM.

Since amean lies between the maximum and the minimum of the
components, it followsthat max { X} isgreater than PM and min { X} is
lower than CPM.

APPENDIX 4

Here we show that the sum of the deviations of the components
from the AM is zero, that from the PM is negative and that from each of
all other means, positive:

1 Sum of the deviations of the components from the AM is zero:
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Given the components X, i = 1, ..., n, we have the AM:

5

Now let zi‘(xi —a) =0, where a is a constant. Then,

X =

Sk

n
lei = Na . Therefore, a must bethe AM.

2. Sum of the deviations of the components from the PM is negative:
Suppose Z?(Xi -a)= Z;Xi -na<0, where a is a

constant. This then gives AM (or X ) < a. Since in our case
AM < PM, amust bethe PM here.

3. Sum of the deviations of the components from all the means other
than AM and PM is positive:

Let z;(Xi -b) = z;Xi —nb > 0,where b is a congtant.

This then gives AM (or X )>b. SincewehaveAM >1PM and all other
means below that, b must be any of the means other than AM and PM.

APPENDIX 5

Let a and b be two positive numbers such that a # b. We consider
CES proper mean (CPM), inverse CES mean (ICM), power mean (PM),
and inverse power mean (1PM) of order 2.

-1
_atb _ e 2ab
WehaveAM = — ,GM_\/£,HM-E 2 0 ad

=1/2

a2 +b~2 [ J2ab

M=0"2 0 T aZendi?
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. a1/2 4 p71/2 H‘Z o
i 2 H (Ja+bf

. 2, p2 glz, o H§1/2+b1/2g
H H H 2 H

Appendix 5(a)

1. First we show that the absolute deviation of the AM from the PM is
greater than that from the |PM. Thisresultsfrom the following proofs:
(i) the deviation between the AM and the GM istwice that between
theAM and the IPM, thatis, AM —GM = 2(AM —IPM); and (ii) the
deviation between the squared PM and the squared GM istwice that
between the squared PM and the squared AM, that is,
PM2—-GM?2=2(PM2-AM?).

i) Thedeviation between the AM and the GM istwicethat between
theAM and the IPM, that is, AM —GM =2(AM —IPM).

Suppose AM —GM = m, aconstant. That is,

a+b & a+b22J_ (JE—ZJB)Z_

@

Andlet AM —IPM = g, aconstant. That is,

a+tb Hallz+b1/2B2_ atb a+b+2Jab

2 H 2 H 2 4

a—\/BEZ
= =q. (2

2
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From (1) and (2), wehavem=2q. That is,

AM —GM =2(AM —IPM), which also impliesthat

AM —IPM =IPM — GM, which in turn also implies that
AM —GM = 2(IPM —GM).

That is, the absolute deviation of the IPM from the AM isasmuch
as that from the GM. This, together with the relationship that
AM >IPM > GM, then suggeststhat the three measures are equi-distant!
Thisalso suggeststhat IPM = (AM + GM)/2; that is, IPM isthe arithmetic
mean of AM and GM.

i) Now we prove that the deviation between the squared PM and
the squared GM s twice that between the squared PM and the
squared AM, that is, PM? — GM? = 2(PM2 —-AM?).

Let PM? - GM?2 =k, a constant. Thisthen gives

a® +b? (a—b)2 _

—ab=k. o K. .3
2

Also assume PM? —-AM? =r, aconstant. Thus we have

2 2 _
a‘+b a+b B§ bH?_
— = : ; =r
> E > g F,Whlchg|vasD 2 0 . 4

From (3) and (4), wehavek=2r. That is,
PM? - GM2=2(PM2 —-AM?), which also implies that
PM2—AM?2 = AM?2—GM?2, which in turn also implies that

PM?2 —GM2 = 2(AM?—GM?).
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That is, the absolute deviation of the squared AM from the squared

PM isasmuch asthat fromthesquared GM. That is, (given PM >AM > GM),

the squared val ues of thesethree measuresare equi-distant! Thistogether

with the relationship that PM > AM > IPM > GM and the above proof

(in 1) that AM, IPM, and GM are equi-distant then suggeststhat the PM
is much farther from the AM than the IPM.

Also note from the above that AM = {(PM? + GM?)/2} 2, That is,
AM isthe quadratic mean (power mean of order 2) of PM and GM.

Appendix 5(b)

For the particul ar case of two variables (or dimensions), wehavea
number of interesting results, as reported below:

1. By definition, we have
i) AM=GMZHM;
i) PM=GM?CPM; and
iii) 1PM=GM%ICM.

Then it follows obviously that

i) PM/AM =HM/CPM;

i)  AM/IPM =I1CM/HM;
iii) PM/IPM =1CM/CPM;
iv) PM/GM =GM/CPM;

v) AM/GM =GM/HM; and
vi) IPM/GM =GM/ICM.

The last three suggests that GM is the geometric mean of i) PM
and CPM; ii) AM and HM; and iii) IPM and ICM.
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2. AM-GM2=GM —HM.

Proof :

WehaveAM —GM = =~ J_ m

oM —Hm = Jab - 2 \/_(\/_ Jof .

a+b a+b

a+b
HenceAM —GM = (GM —HM) 2@.

(a+b)
2Jab *

Thereforetheresult: AM —GM = GM —HM.

Now (\/5 —\/5)2 >0implies

3. IPM-GM=GM-ICM

12 L/ _
WehavelPM —GM = EWTWEZ_@: Wg,

and

o ome Jab— 4D pl/a-wbf

(Ja+b)? (Va+vof

2
(JE +/b )
ThereforeIPM —GM = (GM —I1CM) .

4ab

2
Now (%L 2 1 (since, (\/5—\/6)220implies
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(a+b) (a+b)
2\/% >1; and 4@ >1/2).

Hencetheresult: IPM —GM = GM —ICM.

4. GM-ICM = ICM —HM.
2

QD

s8b = (/a-b)

WehaveGM—ICM:@—(\/ah/B)Z: (J5+JB)2

and
2
4ab 2ab _ 2ab (Va-+b)
ICM —HM = - = .
(a+vb)? (a+b) (@+b) (fa+ b
a+tb

ThereforeGM —ICM = (ICM —HM) 5 -

a+b
Since =1, theresult follows: GM —ICM = ICM —HM.
2vab

5. ICM —HM <HM?2-CPM?2,

2ab (Va-+bf
@+b) (fa+ o)

4a%p®>  2a%v? _ 2a°pb? (a—b)2

We have ICM —HM = and

HM2—-CPM?2= - = :
(a+b)2 a?+b? a®+b? (a+b)2

Comparing the two, we have the above result.
6. PM2-AM2=AM —IPM.

-b
We have seen above that PM?-AM?= ] 2 [], and
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AM —IPM = Eﬂg
2

2
Since (a—b)2 > (\/5 —\/B) , we have the above result.

PM2—-GM?2> GM?—-CPM>2.

(a-b)?

We have from (1) above, PM2—-GM?2 = 5

, and

)
GM?—CPM?= ab— 22a b2 = Zab 5 (a-b)?.
(@a“+b°) (a“+b°)

a +b?

Therefore, PM2—-GM?2 = (GM2 - CPM?)
2ab

2+b2
Since (a—b)2 =200 WZL we get the result:

PM2—-GM?2> GM?—-CPM?2,

Finaly, GM2-CPM? < 2(GM?—-HM?). From the above, we have

GM?—CPM? = %(a—b)z, and
(a“ +b%)
2.2 2
GM2-HM2= ab- 4a b2 :ab(a b)z.
(a+b) (a+b)
(a+b)?
Therefore, GM? - CPM?=(GM?—-HM?) —5— —
ac+b

2ab
— 2] 2 +—
=(GM HM)E‘ a2+b2E
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2ab
Since (a—b)220 0 —————<1, the result follows:

a® +b?
GM2-CPM? < 2(GM2-HM?),

whichin turn also implies that HM? — CPM?2 < GM2-HM?2,

(@  All the above results together give the following relationship:
(PM2-AM?) = (AM?-GM?) = (AM—IPM) = (IPM—-GM) = (GM—ICM)
> (ICM —HM) < (HM2—CPM?) < (GM2—HM?).

From this we have the following conclusion:
(PM —AM) = (AM —IPM) = (IPM —GM) = (GM —ICM)
> (ICM —HM) <(HM —CPM).

(b) Weasohave PM?2—-GM? = GM2—-CPM?,
so that we may conclude: PM —GM = GM — CPM.

From thisit followsthat in the case of only two variables, with an
order of 2 for the general means,

i) AM,IPM, and GM are equidistant;

ii)  AM isfarther from PM than from IPM;

iii) GM isfarther from IPM than from ICM;

iv) ICM isfarther from GM than from HM;

v)  HM isfarther from CPM than from ICM; and

vi) GM isfarther from PM thanfrom CPM.

For example, consider the mean values and successive differences
inthefollowing Tablefor a= 35 and b = 60; the parameter values of p of
the CES function correspond to the special means:

Means PM AM IPM GM ICM HM  CPM
P 2 -1 05 0 05 1 2

Values  49.12 47.5 46.663 45.826 45.004 44.211 42.755
Difference 162 084 084 082 079 146




Appendix 6: Comparison of the Different Averages of Deprivation and Their Ranks of 78 Countries, 1997.

Deprivationin Ranks

Longe- | Know-| Eco. PM AM | IPM | GM ICM | HM CPM M | AM | IPM | GM| ICM |HM |CPM

vity ledge | Prov
Trinidad &
Tobago 5.4 2.1 3| 3.77 3.50 | 3.37| 3.24 | 3.12| 3.02| 2.84 1 1 1 1 1 1 1
Cuba 6.2 4.6 4 | 5.02 493 | 489| 485 | 4.81| 4.77| 4.70 2 2 2 2 2 2 5
Chile 4.6 5 6 | 5.23 5.20 | 5.18| 5.17 | 5.15| 5.14| 5.11 3 3 3 3 4 5 6
Singapore 3.2 9 5| 6.22 5.73| 5.48| 5.24 | 5.02| 4.81| 4.47 4 4 4 4 3 3 3
Costa Rica 4.1 5.3 9| 6.48 6.13 | 5.97| 5.80 | 5.65| 552 | 5.28 5 5 5 5 5 7 7
Colombia 6.3 8.9 | 14 |10.25 9.73| 9.48| 9.22 | 8.98| 8.76 | 8.36 6 9 10 11 11 | 12 | 12
Jordan 9.2 | 145 5 /10.33 9.57 | 9.15| 8.74 | 8.33| 7.94| 7.28 7 7 9 9 |10 |11
Uruguay 5.4 29| 17 |10.43 8.43| 7.38| 6.43 | 5.67| 5.09| 4.38 8 6 6 6 6 4 2
Panama 6.2 9.5 | 15|10.86 |10.23| 9.91| 9.60 | 9.29| 9.00| 8.50 9 11 | 12 12 12 | 13 | 13
Mexico 8.3 | 10.8 | 13 |10.87 |10.70 |10.61|10.52 |10.43|10.34 |10.17 | 10 14 | 14 14 15 | 16 | 17
Thailand 8.9 6.5 | 16 |11.22 |10.47 |10.10| 9.75 | 9.42| 9.13| 8.64 | 11 13 | 13 13 13 |14 | 14
Jamaica 43| 156 | 11 (11.30 |10.30| 9.69| 9.04 | 8.37| 7.74| 6.72 | 12 12 | 11 10 10 9
Mauritius 6.2 | 17.6 6 [11.32 9.93| 9.27| 8.68 | 8.19| 7.80| 7.25| 13 10 9 8 8 10
United Arab
Emirates 3.6 | 214 4 |112.74 9.67 | 8.07| 6.75 | 5.82| 522 | 460 | 14 8 7 7 7 4
Ecuador 9.9 | 10.4 | 20 |14.21 |13.43 |13.06|12.72 |12.41|12.14 |11.69 | 15 15 | 16 17 20 |21 |21

cont'd....
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Deprivationin Ranks

Longe- | Know-| Eco. PV AM IPM GM ICM HM CPM P | AM IPM GM |ICM | HM | CPM

vity | ledge | Prov
Mongolia 16 | 17.8 | 12 | 15.46| 15.27| 15.17|15.06 |14.96| 14.85 | 14.63 16 18 20 22 24 | 25| 28
Philippines 12.8 5.6 | 24 | 16.03| 14.13| 13.06|11.98 |10.96| 10.05 | 8.69 17 16 16 16 16 | 15| 15
China 9.1]19.1 | 20 | 16.81|16.07| 15.63|15.15 |14.65| 14.13 | 13.16 18 20 22 23 22 | 23| 23
Zimbabwe 18.4 | 15.3 | 18 | 17.29|17.23| 17.21|17.18 |17.15|17.12 | 17.06 19 23 26 28 30 | 32 | 32
Libyan Arab
Jamahiriya 16.2 25 4 | 17.35|15.07| 13.51|11.74 |10.00| 8.53 | 6.65 20 17 17 15 14 | 11 8
Dominican Rep| 10.2 | 18.5 | 22 | 17.61| 16.90| 16.50|16.07 |15.63| 15.19 | 14.33 21 22 24 25 25 | 26 | 25
Sri Lanka 7.9 9.9 | 29 | 18.27|15.60| 14.29|13.14 |12.19|11.45 |10.46 22 19 18 18 17 | 19 | 20
Syrian Aréb Rep| 10.3 | 30.2 | 12 | 19.68| 17.50 16.45|15.51 |14.71| 14.05 | 13.11 23 25 23 24 23 | 22| 22
Indonesia 14.8 | 16.8 | 27 | 20.25| 19.53| 19.19|18.86 |18.56| 18.28 | 17.79 24 30 31 32 33 | 33| 34
Paraguay 9.2 8.1 | 33| 20.32|16.77| 15.01|13.50 |12.31| 11.43 | 10.36 25 21 19 19 19 | 18 |18.5
Iran, Islamic
Rep of 11.7 | 31.4 | 13 | 20.75|18.70| 17.72|16.84 | 16.08| 15.44 | 14.52 26 27 27 26 27 | 27 | 26
Peru 13.4 | 11.7 | 32 | 21.14| 19.03| 18.03|17.12 | 16.33| 15.68 | 14.72 27 28 28 27 28 | 28 | 29
Honduras 10.8 28 | 21 | 21.15|19.93] 19.24|18.52 |17.78|17.05 |15.74 28 31 32 31 31 |31 31
Botswana 15.9 | 31.3 | 11 | 21.24| 19.40| 18.49|17.62 |16.84| 16.15 | 15.05 29 29 29 30 29 | 29| 30
Tunisia 10.5 | 34.8 7 | 21.37|17.43| 15.43|13.68 |12.28| 11.24 | 9.95 30 24 21 20 18 | 17 | 16
Bolivia 19.6 | 17.5 | 28 | 22.17| 21.70| 21.47|21.26 |21.05| 20.85 | 20.49 31 33 33 35 35 | 36 | 38

cont'd....



Deprivationin Ranks

Longe- | Know- | Eco. PV AM IPM GM ICM HM CPM M | AM IPM GM |ICM | HM | CPM

vity | ledge | Prov
Viet Nam 12.1 7 | 37|22.84| 18.70| 16.56|14.63 | 13.07|11.88 |10.36 | 32 | 27 | 25 | 21 21 | 20 |18.5
Algeria 10.6 | 40.6 12| 25.20 | 21.07| 19.04|17.29 | 15.88|14.83 | 13.50 33 32 30 29 26 | 24| 24
Kenya 22.3 23 | 31|25.74| 25.43|25.29|25.15 | 25.01 |24.88 |24.64 | 34 | 38 | 38 | 38 | 39 | 40| 41
Nicaragua 13.6 | 34.7 | 25| 25.91| 24.43| 23.61|22.77 | 21.91|21.08 | 19.57 35 35 36 37 37 | 37| 37
El Salvador | 11.7 | 29.1 | 34| 26.71| 24.93| 23.83|22.62 | 21.35|20.10 (1791 | 36 | 36 | 37 | 36 | 36 | 35| 35
Lesotho 23.9 | 29.5 | 28|27.24| 27.13| 27.08|27.03 | 26.97|26.92 |[26.81 | 37 | 39 | 39 | 40 | 42 | 42| 44
Iraq 15.4 | 43.2 14| 27.69 | 24.20| 22.53|21.04 | 19.80|18.81 |17.45 38 34 34 34 34 | 34| 33
Congo 22.1 | 26.1 | 36 |28.67| 28.07|27.77|27.49 | 27.21|26.94 |26.45 | 39 | 41 | 41 | 42 | 43 | 43| 42
Myanmar 25.6 | 17.3 | 41 |29.64 | 27.97| 27.12|26.28 | 25.49 |24.74 | 23.44 40 40 40 39 40 | 39| 40
Egypt 16.6 | 49.5 | 10| 30.69 | 25.37| 22.63|20.18 | 18.17 |16.63 |14.62 | 41 | 37 | 35 | 33 | 32 | 30| 27
Cameroon 25.4 | 37.9 | 28|30.91| 30.43| 30.20|29.98 | 29.77 |29.57 | 29.19 42 42 44 44 45 | 45| 45
Papua New
Guinea 28.6 | 28.8 | 37|31.71| 31.47|31.35|31.24 | 31.13|31.02 | 30.82 43 44 46 46 46 | 47| 52
Ghana 249 | 36.6 | 34|32.23| 31.83|31.62|31.41 | 31.19|30.96 |30.50 | 44 | 45 | 47 | 47 | 47 | 46| 49
Guatemala 145 | 44.3 | 35| 33.65| 31.27| 29.81|28.22 | 26.58 |24.98 | 22.21 45 43 42 43 41 | 41| 39
Zambia 35.1 | 23.4 | 42 |34.37| 33.50| 33.03|32.55 | 32.06 |31.57 | 30.60 46 48 48 48 48 | 48| 50
India 19.4 | 48.8 | 29 |34.64 | 32.40| 31.27|30.17 | 29.13 |28.16 | 26.52 47 46 45 45 44 | 44| 43
Rwanda 42.1 | 40.8 | 28 |37.51| 36.97| 36.67|36.37 | 36.05|35.72 | 35.06 48 50 51 53 55 | 57| 57

cont'd....



Ranks

Deprivationin

Longe- | Know- | Eco. PV AM IPM GM ICM HM CPM P | AM IPM GM |ICM | HM | CPM

vity ledge | Prov
Morocco 12.3 | 57.9 | 28| 37.81|32.73|29.91(27.12| 24.55|22.34 |19.15 49 47 43 41 38 | 38| 36
Togo 28.4 | 49.6 | 33| 38.10| 37.00 |36.47|35.96| 35.47| 35.02 | 34.20 50 51 50 51 52 | 55| 56
Zaire 30 | 23.6 | 55| 38.65|36.20 |35.01|33.89| 32.87|31.95|30.44 | 51 | 49| 49 | 49 49 | 49 | 48
Tanzania,
U Rep of 30.6 | 33.2 | 50| 38.90| 37.93 |37.47|37.03| 36.62| 36.23 | 35.54 52 52 52 55 56 | 58 | 58
Lao People's
Dem Rep 32.7 | 44.2 | 42| 39.95|39.63 |39.47|39.30| 39.13| 38.95 | 38.60 53 55 57 58 60 | 62 | 64
Sudan 25.2 | 55.2 | 35| 40.44|38.47 |37.48|36.51| 35.60|34.73 |133.22 | 54 | 53 | 53 | 54 54 | 54 | 55
Uganda 39 | 38.9 | 45| 41.07|40.97 |40.92|40.87| 40.82| 40.78 |40.69 55 58 61 62 66 | 66 | 70
Nigeria 33.8 | 44.4 | 45| 41.39| 41.07 |40.90|40.72| 40.54| 40.36 |39.98 | 56 | 59 | 60 | 61 64 | 65 | 67
Central
African Rep | 35.4 | 42.8 | 46| 41.64|41.40 |41.28|41.15| 41.03| 40.90 | 40.64 57 61 62 64 67 | 68 | 69
Namibia 21.1 60 | 37| 42.48|39.37 |37.71|36.05| 34.44| 32.94 | 30.36 58 54 55 52 51 | 51 | 47
GuineaBissau| 43.2 | 46.1 | 41| 43.48|43.43 |43.41|43.38| 43.36| 43.33 | 43.28 59 65 69 70 70 | 71| 73
Pakistan 22.6 | 62.9 | 36| 43.83|40.50 |38.79|37.13| 35.56|34.12 |31.72 | 60 | 57 | 56 | 56 53 | 52 | 53
Cote d'lvoire| 23.1 | 60.6 | 40| 43.99|41.23 |39.75|38.26| 36.79| 35.38 | 32.90 61 60 58 57 58 | 56 | 54
Senegal 253 | 67.9 | 26| 44.45|39.73 |37.49|35.48| 33.76/32.36 |30.34 | 62 | 56 | 54 | 50 50 | 50 | 46
Mauritania 31.7 | 63.1 | 31| 44.53|41.93 |40.71|39.58| 38.56| 37.66 | 36.22 63 62 59 60 59 | 59 | 59

cont'd....



Deprivationin Ranks

Longe- | Know- | Eco. PV AM| IPM | GM | ICM | HM CPM M | AM | IPM | GM |ICM |HM | CPM
vity ledge | Prov

Bhutan 33.2 58.9| 38| 44.78 | 43.37|42.69|42.04 | 41.43| 40.86 |39.86 | 64 | 64 66 68 68 | 67 | 66
Haiti 27.1 | 55.9| 47| 44.97|43.33| 42.42|41.45 | 40.45|39.44 |37.49 | 65 63 64 | 66 63 | 63 | 62
Malawi 38.3 | 44.2 | 53| 45.57 | 45.17| 44.97 |44.77 | 44.57| 44.38 | 44.00 | 66 69 71 71 72 | 72| 74
Yemen 25.6 | 58.9| 47| 45.95|43.83|42.64|41.38 | 40.09| 38.80 |36.38 | 67 67 65 65 62 | 61 | 60
Bangladesh | 26.4 | 62.7 | 42| 46.16 | 43.70| 42.41|41.12 | 39.85| 38.64 | 36.47 | 68 66 63 63 61 | 60| 61
Burundi 33.8 65.4 | 33| 46.58 | 44.07| 42.88|41.78 | 40.79| 39.90 | 38.47 | 69 68 68 67 65 | 64 | 63
Guinea 41.3 65.2 | 30| 47.81 | 45.50| 44.35|43.23 | 42.16|41.16 |39.40 | 70 70 70 69 69 | 69 | 65

Madagascar | 32.1 54.2 | 56| 48.66 | 47.43| 46.74|46.01 | 45.25| 44.47 | 42.90 | 71 72 72 72 73 | 73| 71
Mozambique| 43.8 60.5| 42| 49.47 | 48.77| 48.43|48.10 | 47.79| 47.49 |46.94 | 72 73 75 75 75 | 75| 75
Cambodia | 31.9 65| 50| 50.80|48.97| 47.98|46.98 | 45.96| 44.96 |43.04 | 73 74 74 74 74 | 74| 72
Mali 28.4 70.7 | 49| 52.30|49.37| 47.78|46.16 | 44.56| 43.00 |40.20 | 74 75 73 73 71 | 70 | 68
Burkina Faso| 36.1 81.3 | 21| 52.77 | 46.13| 42.72|39.50 | 36.65| 34.24 |30.68 | 75 71 67 59 57 | 53 | 51
Ethiopia 35.7 65.5| 59| 54.91 |53.40| 52.56|51.67 | 50.75| 49.81 |47.95 | 76 76 76 76 76 | 76 | 76
Sierra Leone | 52.1 69.7 | 52| 58.53 |57.93|57.65|57.37 | 57.10| 56.85 |56.37 | 77 7 77 78 78 | 78 | 78
Nigeria 43.2 86.9 | 50| 63.03 |60.03| 58.60|57.26 | 56.01| 54.89 [52.99 | 78 78 78 77 7 | 77| 77

Source: The first three columns are from UNDP (1997).

Note: Eco. Prov. = Economic Provisioning; PM = Power Mean of order 2; AM = Arithmetic Mean; IPM = Inverse Power Mean of order 2;
GM = Geometric Mean; ICM = Inverse CES Mean of order 2; HM = Harmonic Mean; and CPM = CES Proper Mean of order 2.
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