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SOME ANALYTICAL CHARACTERISTICS OF THE DISTRIBUTION OF LAND{
AN EXERCISE IN GRADUATION BY THE LOGNORMAL, ,yﬁ
GAMMA AND LOGGAMMA LAWS ﬁ%'

1. INTRODUCTION

For studying the analytical characteristics of a distribution,
ideally one should have a random sample of observations from the
correspénding population, Such a sample makes it possible for us to
discriminate between alternative forms of distributiorn, test various
parametric hypotheses in a rigorous manner, estimate inequality
measures and in general make probability statements relating to the
population. Published data on thg distribution of land do not
permit such an analysis. The National Sample Survey (NSS) give
estimates (see e.g. [—2;7) of the number of households with owner—
ship holdings belonging to different size-classes; these estimates

themselves based on sample surveys. Thus what we have are
arefestimates' (for the different States of India) of the popula-
tion distribution function F(x) corresponding to a fixed set of
values .x = Xy i=1, 2....ks Although 'fittirg’ theoretical
forme like the lognormal law to such data can be done in a conven—
tional manner it ié obvicus that statistical tests of significance
are possible oﬁly if the underlying sampling distributions —— which
involve the complicated survey designs ~— are derived. However, one
can 'approximate' the published estimates of F(x) by different
theoretical forms and rely on juidgment based on some form of a
distance measure rather than rigorous tests to discriminate beiween:

alternative forms.,



In this paper we study some aspects of inequality in the
distribution of land in the different States of India in 1961-62,
For this purpose we have approximated the NSS estimates of the
population distribution by three alternative families of distribu-
tions viz. the lognormal, gamma and loggamma laws., Our analysis
shows that both the gamma and loggamma distributions approximate the
NSS distributions uniformly better than the lognormal distribution.
As a consequence it is possible to obtain a number of interesting
analytical characterisations of the inequality in the distribution,
Finally we havé also considered the problem of estimating the
concentration ratio on the basis of NSS data.

We may add that this paper forms part of a study on the
structure of leasing and the distribution of land which is primarily

based on the following two empirical observations:

(a) Leased in area appears to form 2 constant proportion
of owned area, and

(b) the distribution of owned area and operated area

(which is owned area minus leased out area plus
leased in area) appear to be nearly identical,

For an-examination of these hypotheses and their implications we
may refer to Raj [-11_7. In a forthcoming paper we have attempted
to make a precise and testable formulation of (a) and (b) above;

we have shown, in particular, that the form of the distributions of
owned and operated area deteriine the structure of leasing and

vice versa; two alternative sets of assumptions on the structure
of leasing are .shcwn to imply that the distribution of land must
be of the gamm» or loggamma type; the underlying probability models
also explain the phenomenon that characterises (b) above, This is

the background of thec present paper.



2. THE THREE DISTRIBUTIONS

2,1. Definitions: The lognormal distribution, trusted old friend
of the econorist, needs no introduction. A random variable (r.v.)
X has a gamma Cistribution with parameters ( @,%), o > 0, A> 0,

if it has a density

a1 a=1
£(x) = [F@)] exp (-2x}(ax) A, x 20 ees (1)
=0 x <0

and a r.v.Y has a loggamma distribution with parameters (xo, 3, D),
x, >0, B>0,9> 0, if 1log (Y/xo) has a gamma distribution with
parameters (B ,2 ). A simple transformation of (1) shows that the

density of Y is

-1 D . _B-1
g(y) = [r(®)] (x/v) [Vies (v/x))] @/x))s y2x, .. (2)

= 0 | y'<x°

For B=1 (2) reduces to (xo/y)w”(d/xo) which is a
Pareto density. Thus the Pareto distribution can be termed as the

log erponential and the loggamma is a simple generalisation of the

Paretc law. ,_I.,-.-"Eéé::'z,'_';:':ﬁ_
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2.2, Moments: We immediately note that while for the gamma l:i
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In fact, if Y hes the density g(.) since X = log (Y/xo) has a

gamma law, we have

® ~1 -1
E(Y?) = E(xon ™) = xon of [l’ (B)] exp{x(n—z’)] (-:)x)B dx

which is not finite when n) v for any value of B(>0). It is



easy to verify that-

BY" = xon(1 + 5 }-B for nr ¢ .o (ﬂ
wherg n ic ﬁot nccessnrily integral valved,

We also note £he follovwing reprdductive property of the
loggamma which is similar to the one enjoyed by the lognormal
distribution: If X and Y have independent loggamma distributions
with parameters. (x %, A) and {y_,®, A)respectively then the
product XY has 2 loggamma distribution with ;arameters
(xoyo,a +8 ,CK,). Thig follows from a well-known property of the

gomma law, (Note that the parameter A has to be the same for the

two distributions.)

2.3. Lorenz Measure of Concentration: For any non-negotive r.v.X

with a finite first moment if we write F(.) for the cumnlative
diétribution function (c.d.f.) a much used measure of concentration,

the Lorenz measure, is given by (see c.z. Aitchison and Brown [TH_]]

D
L= 1-2[ F(x)arx) oo (4]
0
where
X / w )
F(x) = [ % dF(t)/ [t aF(t) ... (9)
0 0

is also a c.d.f. which gives the 'share' o»f the populaiticn below
x in tho total. When X has 2 logrormal distributicn with parameterd

(,4. , =) i.c¢. when lag X is distriduted rormally (/". , o) it iz well-
known [1_7 that
L=2(f,,(7§)-1 ... (6]

where ]’@(.) is the c.d.f., corresponding to the standard normal

distribution,



digtribution,
When F(.) has o density givern by (1), substitution of (1)
in (5) shows that F1(.) corresponde to the c.d.f. of 2 gamma

variate with parameters (a + 1, A ). Necv (4) can be rewritten as
L=1-2p(U ¢ V) ceo (7)

where U and V are an arbitrary pair of independent r.v.s with
c.d.f.s F1(.) ond #(.) respectively. Thus when X is gamma (a0 , \)
for computing L we set in (7) 2 pair of independent gamma variates
with parameters (o + 1,\) and (& ,A) for U and V respectively.
But in this case U/(U+V) kas a beta distribution with parameters

(e + 1, ) and hence

P(UCV) = P(U/(0+V) < ¥2)

Bla+1, a)” ;{2 x % (1-x)*Tax oo (8)
C

where B(.,.) is the beta function. Now (7) and (8) yield after
simplificaticn

_ (20 + 1) (1020

= (@] ° (¥/2) eeo (9)
which gives the Lorenz measure corresponding to a2 gammna distribution
given vy (1).

For computirg L correcponding to the loggamma distribution

we use ~ similar procedure. When F(.) has o density given by (2)
we note that the first moment is finite and equals xc(1+ ;9)-5
only whenz)) 1; the Lorcnz measure is thus defired only when 202 1,
A substitution of g(t)dt (given in (2)) for dF(t) in (5) then

shows that F1(.) is the c¢c.d.f. of some r.v. distributed =s a



[%2%

logganma with parameters (xo, p,z)+1). We then must compute the
probability in equati:cn (7) insértinr for U and V 2 noir of inde-
pendent loggamma variatce with yorane ters (xo,ﬁ , ¥ +1) and

(xo, B,2) respectively. In this case U' = (D+1) log (U/xo) and

V' = PJlog (V/xo) are independent and identical gamma variates

with perameters (B , 1) and hence U'/(U'+V') has 2 beta distribution
(B, p). It is easily verified that P(U/V < 1) = P[U'/(ur+vr) K

@+1)/(22 +1 )] and herce from (7).
L=1=2Bp,0)/(20 41) P F) cee (10)

where Bx(m,n) stands for the incomplete beta integral

X
r(m) (n me=1 N=1
- CRR" g‘ t (1-t) dt

Equations (€), (9) ~nd (10) give the Lorenz neasures of
concentration corrcsponding to the lognormal, gamna and loggamma
laws respectively.‘ In the case of the lognormal (/L,<T0 it is
well known / 1_/ that o = log (1 + 72) where 7 is the coefficient
of variation (c.v.) of the distribution and hence (6) implies
that ranking (of different States, say) by L is equivalent to
ranking by *he c.v. Similarly the (c.v) corresponding to the gamme

1/2

adistributicn (1) is giver by @ ' and it is easy to check that L
given by (9) decreases with increasing a. Hence even when the
underlying listributions are of the gamma type ranking by L is

equivalent to ranking by the (c.v.). We have not becr able to

verify vhether this property holds for the loggammo law,



3. GRADUATION

3.1. Landless households: The three distributions considered here

are all ébsolutely continuous with respect to Lebesgue measure over
their respective supports, This introduces 2 complication because
none of these distributions can explain the mass at zero i.e. the
presence of landless households.* With respect to the loggamma

there is the further difficulty that it assigns a zero mass to [b, xo];
in principle this can be token care of by setting a very small x, 20
but the problem of the landless remains, For the purposes of this
paper we therefore restrict our approximations to the ranges in

which the respective densities are positive although in computing

the concentration ratios we attempt tc make some adjustments that

take into account the positive mass at zero.

3.2, Method of Graduation: Our basic data relate to the seventeenth
round of the NSS (1961-62) and give estimates for all the States

of India of the number of households belonging to different size
groups of acreage of household ownership holdings Z-9;7; the
corresponding estimated average size of holding in each size group

is 2l1so given., Thus while estimates of the population mean are
already available estimatcs Qf variances are not. Accordingly for

the purpose of graduatior. we have used the following procedure:

In fact, there is practically no theory that simultaneously
explains the formation of the 'landless' category ana the distri-
bution of land among the 'landed' in an economy characterised

by private proverty. The present author has made onec feeble
attempt ZTB to explore the process of formation of landless
households under conditions of semi-feudalism,



(a) Lognormal distribution: The following are computed for each

State separately:

H 2

~ . - -1 -2 A2
Jo = Zfx; and o = N ZLX - A .o (11)

where fi = the NSS estimate of number of households belonging to

the i-th size group, ¥f, = N, and X, = log ii where ii = the.

i
NSS estimate of thec averaze size of holding of the i~th group, all
the sumnations (hereafter also) being from 1 to k (k = 13 for all
the States).

A lognormal distribution with parameters (;:, 3‘) is then
refrarded as an approximation to the distribution estimated by the
NSS. (We may add that it is possible to derive an approximation by
calculating the first two moments of the untransformed data (i.e.

X and not log X) znd equating them to the mnoments of a lognormal
distribution., We have actually carried 6ut:tﬁis pfocedure and
found that the resulting approximations are uniformly poorer than
those reported in the paper. One also intuitively fcels that if
instead of Xi the corresponding geometric means are used in (11)

better approximations would resulti; however the latter are not

available).

(v) Gammo distribution: Here again we ape the relevant sampling

theory. Let v = lox X -/a where ¥ = N_1§:fifi, the NSS estimate of
the population mean andlz i5 the same as in (11). Tﬁen'a is derived
by meking usge of Tables for the maximum likelihood estimators of

the parameter a in (1) corresponding to the value § (pp.304=3C5 of

- n '
[ 10_7). Then ve set X= A/ A and regard the gamma distribution



A A
(a ,A) as an approximation., Finally we have used simple linear
interpolation based on the Khamis Tables [—5_7 for obtaining the

gamma approximations to the number of households in the NSS size

groups.

(¢) Loggamma distribution: This distribution can explain the

frequency of only those households that belong to (xo, o9 but X,
is unknown. To circumvent this problem we tried calculations with
X, = 0,005 acres which is in fact the smallest size that is included
in the NSS estimates. However, the results were not satisfactory
and accordingly we chose X, = 1.0 acre for the>purpose of this
paper. Since the hypothesis that X has a log gamma distribution

is equivalent to log X having a gamma distribution,
on (1, anb[a procedure similar tol?%) above is used after making

the relevant logarithmic transformations for deriving the loggamma

approximations.

3.3, Some results: For julging the closeness of approximation the

following measure is emplcyed for each of the three distributions:
a = [l - 2)%m] ce (12)
i i i

where fi and p; are the number of households in the i-th size class
estimated by the NSS and the number graduated by the approximating
law respectively. Although the actual computations were made for
the 13 size classes of the NSS data, Table 1 that follows_givés
the figures for a collapsed set of five groups; .the correspohding
d values (reproduced in Table 2) are also computed on the basis

of thése five groups for the lognormal and gamma- laws and the last

. four groups for the loggamma distribution,
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Table 1

The_estimited distribution of hcuschold owncrship holdings
=nd some_theoretical avnproximations

Size Mumber of households(in thousnnds)| Size Number of households(in thousand
Group FEstimated Aprroximated hy 4 Greup  Bstimated Approximated by
(Acres) by ISS LN G LG (scres) by LSS LN G LG
Andhra Pradesh Asson
0- 1 2759 3340 2540 - 0~ 1 442 498 546 -
1= 5 1052 {635 1893 2162 i=5 739 678 616 767
5=10 704 470 361 £28 =10 226 168 214 181
10-20 447 331 608 325 10-20 52 30 78 54
>20 324 40€ 284 303 > 20 3 37 8 17
Eihar | Gujarat
C~- 1 3611 4111 3330 - 0~ 1 723 1024 792 -
-5 2790 2416  238C 2909 1 5 694 722 743 761
5=1C 846 €13 1018 766 510 492 268 415 556
10-20 391 348 453 314 10-20 451 227 386 350
> 20 131 292 7 1€5 > 20 318" 438 342 287
Jamnu & Kashmir erala
0- 1 118 164 139 - i G 1 1054 1024 345 -
-5 317 262 259 327 b1 5 hoe 582 730 574
5-1C 82 68 A 61 | s-10 9 76 127 79
10-20 § . , . ' 10=26] n < -
- —_—
Madhya Pradech liz.lrag
Cer 1 169C 1573 1235 - 0~ 1 2537 3128 2520 -
1- 5 1469 1523 1485 1690 1-5 1871 1510 1665 2008
5=10 1063 616 867 1013 510 489 282 536 298
10=20 867 AT 794 626 10- 20 1¢8 131 165 131
> 2C 469 789 oG 559 I > 20 34 75 19 56
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Table 1 (Continued)

fize Number of households(in thousards]'Size _Number of households(in thousands)
broup Estimated Approximated by Group DBstimated Approximated by
(Acres) by NSS LN G LG (icres} by NSS LN G LG
[—
Maharashtra Mysore
0= 1 1266 1701 1331 . 0- 1 603 758 641 -
1~ 5 1154 1217 1207 1349 1= 5 853 1025 917 1045
510 741 457 673 781 5-10 154 409 557 601
p-20 70€ 382 639 510 10-20 422 311 482 356
»20 585 695 601 545 >20 270 400 306 297
Origsa Pupjab
0= 1 1393 17€5 1284 - 0- 1 1018 1179 930 -
1= 5 1346 1064 1211 1450 1= 5 436 510 591 585
5=10 490 29€ 542 402 5-10 341 164 281 224
10=20 202 188 348 168 10-20 246 127 229 148
> 20 71 188 118 89 >20 145 204 155 211
Rajasthan U, P,
' -
0- 1 #41 655 541 - 1 0= 1 4534 5879 4790 -
1= 5 772 844 135 880 1= 5 5639 4367 3110 5934
5=10 621 420 481 625 £=10 1836 1258 1984 1594
10-20 531 335 511 132 10~20 763 784 946 630
>20 402 594 578 468 . > 20 225 712 171 309

—p—

West Benzzl

Notatiin:
0- 1 1896 285 1832 ~
- LN lognormal
-5 1716 1350 1745 179 sana
5=10 432 333 115 422 LG = logganma
10-20 164 189 185 122
>20 39 133 40 52

I S
[op]
o
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Table 2

Measures of distance between 1SS estimates and
theoretical approximations

§;1ue o;—éﬂ;orrespon&ing to the
State o approximation by the
Lognormal Gamma Loggamma
distribution|distribution | distribution

Andhra Pradesh 335 98 67
Assan 73 58 25
Bihar 291 103 41
" Gujarat 529 35 46
Jammu and Xashmir 41 5 8
Kerala : 10 113 5
Madhya Pradesh 907 83 i- 133
Madras 368 70 i 41
Maharashtra 582 éO ! 109
Mysore 433 ! 87 ‘ 88
Orissa 355 108 ? 37
Punjab 354 % 64 ; 185
Rajasthan - 308 79 : 37

|

I
Uttar Pradesh 1274 l 135 ! 101
West Bengal :
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Table 3

Parameters of the distributions used for approximation

State Lognormal Gamina |Loggamma (xo=1)
yA -~ o A B 2

Andhra Pradesh ~0.2209 2.1303 | 0.4076 0.0896| 2.1046 1.4025
Assam 0.5231 1.2611 | 0.6730 0.2174{ 3.6762 2,9485
Bihar -0.1281 1.7507 | 0.5106 0.1680| 2.8026 2,1035
Gujarat 0.7023 2.3389 | 0.4492 0.0528 | 3.4479 1.7295
Jammu & Kashmir 0.6037 1,2130 | 1.0590 0.3369| 3.3044 2.9116
Kerala ~0.3021 1.2520 | 0,6736 0.3697| 2.2287 2.2115
Madhya Pradesh 0.9760 2.0150 | 0.5452 0.0651| 3.6362 1.8759
Maharashtra 0.6969 2.2800 [ 0.4378 0,0496| 3.2240 1.6057
Madras -0,4504 1.5800 | 0.4880 0.2086! 2.8847 2.4592
Mysore 1.1084 1.7370 | 0.6269 0.0788 | 3.6477 1.9380
Orissa ~0.0260 1.8800 | 0.4977 0.1124| 2.8774 2.1162
Punjab -0.2546 2.4715 | 0.3434 0.0621{ 1.9910 1.0046
Rajasthan 1.4286 1.9270 | 0.5756 0.0468? 3.7174 1.7414
Uttar Pradesh 0.2058 1.7485 !0.5866 0.1659 1 2.9722 2,2296
West Bengal '~0.0769 1.6602 30.5896 0.2227| 3.3903 2.7149

|
!
1
!
1

|
i




Since the NSS estirates arve giver: in (is;ures rournded off to
thousands the d values (see (12)) will also be in the same units.
Finally Table 3 gives the pafameters of the distributions used for
approximation.

Now, Tables 1 zand 2 cleafly glhiow that both the gamma and
}oggamma distributions approiimate the NSS distribution uniformly
better than the lognernal distribufion. (We must add that the a
values correspording to the logzamma are, strictly spreaking, not
comparable to the other two sets because of the differcnoe in the
range of approximztion but the visual impression of the gloseness as
revealed in Table 1 does lend to the stated conclusion.) The only
exception appears to be Kerala for which the lognormal yields a
better approximation thar ihe garma but ever in this case the log-
omra appears to perform best, No clear verdiot is possible in
respect of the comparison betwecn the gamﬁa and loggaméa laws, In
aa ewrlier stuay Mukherid [_8;7 has also found the superiovity of
iue gamia over the lggnormal diétribution. Table 1 also éhows that
the logirormul overestimates (wiil reepect to the NSS data) she
tail frequencies at the expense of the middle groups while the
gamaa distridbution uvuderestiniates the upper tail; the lojganma
zppeare to te free of guch systematic biaéos in g nduétion.

Turring to Table 3 we find that, again with the excepéion of
Eerala, tho o parameter corresponding to the gamra distributlen
ie less than unity in all the Stztes, This inplice that 21l these
digstritutions have a decreasing failure rate; the implications of

thiz are examined in Section § below. Another intercsting faas
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is that a is close to one~half in a number of cases; this implies
that a square-root transformation (instead of the logarithmic one)
may make thce distribution approximate a normal distribution. Thus
the 'square-~root normal' must 2lso be regarded as a close competitor
of the logncrmal.
Befcre concluding this section we must note that the gamma

.approximations have been derived here by using simple interpolation
between tabulated values; the approximations are likely to improve

if better methods are used.

4. ESTIMATION OF LORENZ RATIO

4.1, Some methods and results: A commonly used formula for estimating

the Lorenz measure on the basis of grouped data of the NSS type is

-}5‘-‘-1 A A A
1 \ —
L= & [F(xi) Py (xg ) = Flx

i41) EP\1("1)] ees (13)

where (xi, xi+1) defines the i-th size class and %(x) and 91(x)
stand for the cstimated proportions of households below x and their
corresponding share in total resmnectively. TFormula (13) is easily
scen to be an approximation to the integral (4); tﬁis is derived
orn trhe bacis of a two—point quzdrature formula for each size group.
It ig difficvlt to predict the sigr of the bias produced by (13)
but it is obvioﬁs that the approximation is likely to be sood only
when the width of the size classes is narrow.

Alternatively one car empioy cquation (4) taking for F(.)
and F1(.}-the approxzimate theoretical forms. The resulting u;proxi-
mations to L will be only as zood as the approximation of F(.) %o

the original data.



Lestirates of L based on formulce (6) anc (9) zre ziven below,
Since ccncentration ratios based on (10) corresponding to the

loggamma law ignore the range tO,xo] we have not computed theni

Zable 4
BEstimntes of Lorenz Ratio
S Estimate based on | Pstimate based on
tate Lognormal Ganmna, State Lognormal| Gamne
Andhra Pradesh 0.8680 | 0.67%5 | Madras 0,7345 | 0.6413
Assanm C.6276 0.5779 | lysore 07306 0.5934
Bihar 6.7844 | 0.6325 | Orissa 0.8160 | €.6349
Gujarat 0.9018 0.6574 | Punjab (5195 C.7078
Jamrm & Kashnir 0.6092 0.4290 | Raj=zsthan 0.&272 0.6089
Kerala 0.6238 0.5777 | Uttar Pradesh 0.,7336 0.6052
Fadhya Pradesh 0.8458 C.6196 | "est Bengal 2.7596 0.,6042
Maharashtra 0.6930 C.6623 |
- A - - L —

Since the lognormal overestinates the tzils and the papwra
)

approximations are on the whole better we must conclude that the
estimates based on the lognormal have a strong urward bias, (n the
other hand one might :rgue that even the gamma approximations acre
not good enough for estimating n summary measure like I, Howvew®r,
wé find that ir respect of Jammu and Kashmir, Maharashtra -nd Vi 3st
Bengnl the mamma appfoximations are fairly closec and we may acceidt
the corresponaing estirmates of L as the best possible. By the gar 1€
token we find the lognormal approximation te Kerzlz good enough foi °
estirating L. In what follows we discuss the concentration in these ?

four States.
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4.2, Adjustment for the landless cuategory: The Lorenz ratios

given in Table 4 refer to concentration among the households owning
some land., For certain purposes, however, it is necessary to
compute the inequalities among the cntire popﬁlation including the
landless households. If F(.) is thc c.d.f. corresponding to the

distribution of land among the landed then

6(x) = p + (1-p)}F(x] oo (14)

where G(0) = p > 0 1is the proportion of landless households in the

total, gives the c.d.f. of the distribution of land among all house-
holds. The corresponding 'share' distribution G1(x) is easily seen

to be equal to F1(x) and a sinple computation of (4) leads to
L, = 1= (1=p)(1-Lp) eee (15)

where LF and LG are the Lorenz ratios corresponding to F(.) and
G(.) respectively. It is interestinz to note that (15) is valid
for the approximate ratios computed ty formula {13); this has been
proved by V.M,Rao 1712_7.

It can be similarly shown that if

where H(x) and F(x) are c.d.f.s with supports 0, xol and (x_, )

réspcctively and p is the proportion of households below X, in the

total then
LG = 1—p'3,(1-LH) - qb(1-LF) eoe (17)
where q = 1-p, a = A //. end b= f /A, the A's standing

for the corresponding means,
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Formmla {17) can be emplcyed for computing tke Lorenz ratio
of the whole distribution when in (16) F(.) correcsponds to a losgamra
but then we woﬁld need knowledge of H(.),the distribution of land
in the range :b, xo}. We have not attempted to approximate H(.)
in this paper,

The ccncentratior reasures adiusted for the landless category
in respect of the four States mentioned above are given below

(Tzvle 5).

Table 5

Estimates of Lorenz Ratio

- oo m—— -

State Approximas- Promortion Lorenz Ratio for distributid
tion used of landless e anong
households  Landed A1l
{%) households ~ households
S E DN € U ¢ ) N ¢ ON
1, Jarmue & Kashwir Gamna 10,93 0.4890 0.5449
2. Kerzla Logr.orral 30,90 5.62%8 0.740C
%3, Maharashtra Gorima 16.03 C.6623% 0.7164
4. West Bengal - Garing, 12,56 0.6042 G.6599

Source for Co].(})x Reference [—9_7.

The crudcly estimated values of L using formula (13) comparable
to Col.(4) above, are 0.2749, 0.6655, 6513 2nd 6205 respectively for
the four St2tcs 1 to 4 listed in the zbove Toble, The lesson to
drow is that if ranking is the objective one must be extremely
cauntious with crude neirods and fitted distributions alike;, inferenca
based on swarary measures accquire some valicity only when the under=

lying aprroximations are mood.
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5.1. Failure rate analysis: As we have seen one generalisation

that emerges from this exercise is that the land distributions are
approximated well by gamma distributions with tha o parameter less A
than unity. Now it is well known / 2_/ that this implies that these

distributions have a decreasing failure rate (DFR). This means

that the c.d.f. F(.) is such that

F(t+ﬁzt3 F(t) - ... (18)

where U(t) = 1-F(%), is decreasing in t for x > O and t 2 0. Since
the gamma distribution has the density f£(t) given by (1) this is

equivalent to saying that

r(t) = & voe (19)

is decreasing in t (2 0). 1r(t) is called the failure rate of F(t),
This has interesting implications for the skewness ih the
distribution F(.). For, supnose the households are arranged in
classes of equal.width xy then we lmow that the tail U(t) — the
proportion of houscholds beyond t =— is a decreasing function of t.
But (18) implies that the frequency in each size group declines at
a faster rate than the corresponding tzil U(t) which is a precise
description of the relative abundance of the small holdings =211 along.
At the same time as we have already noted th- share
distribution F1(.) is gamma @ +1, A) and the first parameter being
greater than unity implies that F1(.) has an increasing failure
rate (IFR) [*2_7. This means that [F1(t+x) - F1(t/3 /;}-F1(t)}
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is increasing in t for x > 0 and ¢ 2_0. So while the chare in the
tail declines as we 7o alongs the acreage axis the share of the

groups (of width x) increases at a rate faster than the rate of
decline of the corresponding tail share. Tnis describes the relative
'richness' of the large holders in terms of acreage. We may
paraphrase the situation by saying that the strength of the small
holders lies ir their runber while the strenzth of the large holders
lies in their werlth,

For the lownormal distribution the DFR propexrty holds only
in the large-size range and not throughout (0, oo ) irrespective of
the values of the paranetcrs 172_7. Since the share distribution
is also lognorm2l it follows that the corresponding failure rate
declines ultimately (ond does not increasc og in the case of the
somma) .

We shall now irvestigate the behaviour of the logramma Aigtri-
bution. Supnose Y hag a loggamua distribution with parareters
(1,p‘,;)). Then log Y is gamma (B , ) 2nd if we write s(t) and
r(t) for the failure rotes of Y nud X respectively it is easy to

cstablish tnat

o(t) = zﬂl%ﬁ;ﬁl > 1 ee. (20)

Let us recall that Tavle 3 tells uws that for the distributions we
are interested in B> 1. Let us explicitly nssume that P >1. It
follows that r{t) is ar increcasing function of + (> 0). From (20)

we met

s'(t) ¢ ¢ iff r'(log t) < r(log t) for t > 1 eee (21)
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By using the explicit expression for the gamma density (B , 2) it

1s easy to show that

r(t) ¢ p(t) iff r(t) < 1+9 ..Ff’-',-c‘l for t>0 ... (22)

But it is known that when {>1 the failure rate r(t) of the
corresponding gamma (B ,2)) is bounded above vy »/2, p.16/ and
therefore the second inequality in (22) is automatically satisfied
when 1 - (8=1)/t >0 or when t> 8 =1. The equivalence (21)
then implies that |

s'(t) ¢ 0 for t > exp(B-1)

and thus.the loggamma with § >1, like the lognhormal, has the DFR
property in the large-size range; since the share distribution is

also a loggamma with the same B parameter it has a similar property.

5.2. A property of the loggamma law

Manish Bhattacharjee has recently proved the following

-interesting theorem [TB 7

If ®(.) is a non~discrete distribution with & monotone

failure rate (i.e. either DFR or IFR) and support [0,c0)] then it

has a unique representation
F(t) = 1 = e TP 1(eh) t>0 ... (23)

where 0 £ 7 ¢ ® =nd L(.) is slowly varying.

We may refer to Fellexr Zf4_7 for the concept of slowly
varying functions.

Now suppose that X has a loggamma distribution with x, = 1.

If we write G(t) and F(t) for the c.d.f.s of X and log X respectively
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then P(.) corresponds %o a gaksn 2istribution which has a monotone
failure rote znd hence ¥(.) satisfies (23). And since G(t) = F{log t)

we then get

6(t) = 1=t (%) e.. {(24)

Now it can be shown fsce TFeller / 4/ £.279, problem 27) that if

U ~nd V have o common distribution (. ) satisfying-

A(x) v~ 1 - x7 L(x) ve. (25)
with L(.) slowly varying then

P(USE |04V > £) = 32 as t—> @ e. (26)

From equation (24} we sec that G(t) the c.d.f. of X satisfiee
socmnething stronger than (25). Hence if X and Y have a common
logcamma distribution then (26) is valid with X and Y replacing U
and V respectively which can best be paraphrased in Feller's werdss
"Roughly spezking, a large valuc for the sun is likely %o be due
to the contribvution of one of the two variabies"™,.

This is an intﬁresting agpect of skewness wvhich was first
roticed by Mandelbrot [f7;7 in the context of income distritutions:
he shows that cert~in stable diziributions which are considercd to
be appropriatce in incowe distribution analysis satisfy the property

(26).
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